We use the endoscopic classification of automorphic representations of even-dimensional unitary groups to construct level-raising congruences.
Introduction
Context. The problem of "level-raising" was first considered by Ribet [Rib84] in the context of classical modular forms. Let f be a classical modular form of weight 2 and level Γ 0 (N ), which is an eigenform for the Hecke operators. For any choice of rational prime l and isomorphism ι : Q l → C, there is an associated continuous semisimple representation r ι (f ) : Gal(Q/Q) → GL 2 (Q l ) unramified outside N l and determined, up to isomorphism, by the relation det(X − r ι (f )(Frob p )) = X 2 − ι −1 (a p )X + p for each prime p ∤ N l; here Frob p denotes a geometric Frobenius element and a p ∈ C the eigenvalue of the Hecke operator T p .
Let r ι (f ) : Gal(Q/Q) → GL 2 (F l ) denote the semisimple residual representation. Given a prime q ∤ N l, one can ask whether there exists another eigenform g of weight 2 and level Γ 0 (N q), new at q, and such that r ι (g) ∼ = r ι (f ). Ribet showed that the answer is yes, provided that f satisfies certain conditions. A necessary condition is the congruence (1.1) ι −1 (a q ) ≡ ±(q + 1) mod m Z l .
This condition is necessary because there is an isomorphism, a consequence of localglobal compatibility,
where ǫ is the cyclotomic character and ψ is an unramified character such that ψ 2 = 1. One of the key inputs in [Rib84] is a lemma of Ihara, which describes the kernel of a degeneracy map H 1 (Γ 0 (N ), F l ) ⊕ H 1 (Γ 0 (N ), F l ) → H 1 (Γ 0 (N q), F l ).
Diamond and Taylor [DT94] generalized [Rib84] by considering automorphic forms on quaternion algebras (i.e. inner forms of GL 2 over Q). In particular, they considered the case of definite quaternion algebras, in which case the analogue of Ihara's lemma can be deduced easily from the strong approximation theorem (see [DT94,  Lemma 2]).
Level-raising for automorphic representations of GL n when n > 2 is less well understood. A natural case to consider is that of regular algebraic automorphic representations of unitary type. By unitary type, we mean automorphic representations π of GL n (A E ), where E is a CM number field, such that the conjugate π c by complex conjugation c ∈ Aut(E) is isomorphic to the contragredient π ∨ . These are the automorphic representations which should be related, by Langlands functoriality, to automorphic representations of unitary groups admitting Shimura varieties (permitting a generalisation of Ribet's technique) or to definite unitary groups (generalising the context of [DT94] ).
In [CHT08] , Clozel, Harris and Taylor formulated a conjecture about automorphic forms on definite unitary groups U n that would play the role, in studying level-raising, of Ihara's lemma in the work of Ribet. However, relatively few cases of this conjecture have been proved. We mention the case n = 2 (proved in [CHT08, Lemma 5.3.1]) and the paper [Tho14] , which establishes some cases of the conjecture for arbitrary n but under restrictive hypotheses.
The motivation in [CHT08] for formulating this conjectural generalization of Ihara's lemma was to be able to prove automorphy lifting theorems. In a subsequent paper [Tay08] , Taylor gave a method to avoid the use of this conjecture, establishing unconditional automorphy lifting theorems. One can turn the argument around and apply these automorphy lifting results to raise the level of an automorphic representation π (always regular algebraic, of unitary type), provided the residual representation r ι (π) is sufficiently non-degenerate (in particular, one usually requires it to be irreducible). See [Gee11, Theorem 5.1.5] for an example of a result of this type.
The results of this paper. In this paper, we prove new level-raising results for regular algebraic automorphic representations of GL n (A E ) of unitary type, with only a very weak condition on r ι (π). Our motivation for doing this is applications to the problem of symmetric power fucntoriality for GL 2 (see e.g. [NT] ). Here is a special case of our main result, Theorem 5.1.
Theorem 1.1. Let E be a CM number field, and let n ≥ 1 be an integer. Let π 1 , π 2 be cuspidal automorphic representations of GL n (A E ) of unitary type such that π = π 1 ⊞ π 2 is regular algebraic. Let l be a prime, and let ι : Q l → C be an isomorphism. Suppose that the following conditions are satisfied:
(1) r ι (π) is not isomorphic to any character twist of the representation 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−n . (2) There exists a place w ∤ l of E and unramified characters ξ 1 , ξ 2 : E × w → C × satisfying the following: (a) π 1 ∼ = St n (ξ 1 ) and π 2 ∼ = St n (ξ 2 ), where St n denotes the Steinberg representation of GL n (E w ). (b) Let ̟ w ∈ E w be a uniformizer. Then there is a congruence
where m Z l denotes the maximal ideal of Z l .
Then we can find the following:
(1) A biquadratic CM extension E ′ /E, and a place w ′ |w of E ′ .
(2) A cuspidal automorphic representation Π of GL 2n (A E ′ ), regular algebraic of unitary type, such that r ι (Π) ∼ = r ι (π)| Gal(E/E ′ ) and Π w ′ is an unramified twist of the Steinberg representation of GL 2n (E ′ w ′ ).
The proof of this theorem is based on the endoscopic classification of automorphic representations of U 2n . More precisely, we choose a unitary group U 2n over the maximal totally real subfield F of E, an inner form of the quasi-split unitary group U * 2n associated to the quadratic extension E/F , which has the following properties:
This group is useful to us for the following reasons. First, the analogue of Ihara's lemma at the place v follows from strong approximation, just as in the case n = 1. Second, the endoscopic classification implies that the automorphic representations of U 2n (A F ) should admit a description in terms of the regular algebraic automorphic representations of GL 2n (A E ) of unitary type. In particular, the multiplicity of (a descent of) π in the space of automorphic forms on U 2n should be described by Arthur's multiplicity formula, allowing us to reformulate the problem of levelraising for GL 2n in terms of a more accessible one about level-raising for the group U 2n . We can now explain the reason we must pass to an extension E ′ /E in the statement of the Theorem 1.1: it is there so that the multiplicity on U 2n is positive! At the time of writing a proof of the endoscopic classification for groups like U 2n (which are inner twists, but not pure inner twists, of the quasi-split form) has been announced by Kaletha, Minguez, Shin, and White [KMSW] , but a complete proof has not yet appeared. We therefore establish the small piece of the endoscopic classification that we need using existing references.
Organization of this paper. We begin in §2 by recalling some basic facts about the relation between representations of GL 2n (E w ) and GL 2 (D w ), and consider as well the local avatar of the level-raising degeneracy operator. In §3, we state and prove what we require on the endoscopic classification in the cases described above. Our main reference for the trace formula and its stabilization is the paper of Labesse [Lab11] . To compute, we rely on Kaletha's formulation of the local Langlands conjectures, as exposed in [Kal16] .
In §4, we prove a version of our main theorem for automorphic representations of the group U 2n ; this requires the analogue of Ihara's lemma, but not yet the endoscopic classification. In §5, we combine the results of § §3-4 to prove our main result on automorphic representations of GL 2n .
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Notation. Throughout this paper, if K is a field, then we write G K for the Galois group with respect to a fixed separable closure K s /K. If K is a number field and v is a place of K then we write K v for the completion, and (in case v is a finite place) O Kv ⊂ K v for the valuation ring, ̟ v ∈ O Kv for a choice of uniformizer, k(v) = O Kv /(̟ v ) for the residue field, and q v = #k(v) for the size of the residue field. We fix embeddings K s → K s v extending K → K v , obtaining injections G Kv → G K . We write A K for the adele ring of K, A ∞ K for the ring of finite adeles, and O K ⊂ A ∞ K for the open subring given by the profinite completion of the ring of integers O K ⊂ K.
We use the notation for the local Langlands correspondence for GL n described in [CT14, §1] . In particular, if K is a non-archimedean local field and π is an irreducible admissible representation of GL n (K) over a field Ω, abstractly isomorphic to C, then we use the Tate normalisation to define rec T K (π), a Frobenius-semisimple Weil-Deligne representation over K. The same reference also recalls the notion of regular algebraic automorphic representation (a condition on the infinite component of an automorphic representation π of GL n (A K )).
If E is a CM field (i.e. a totally imaginary quadratic extension of a totally real number field F ), then we write c ∈ Gal(E/F ) for the non-trivial automorphism. We say that an automorphic representation π of GL n (A E ) is conjugate self-dual if π c ∼ = π ∨ . We will often use the fact that if π is a RACSDC (regular algebraic, conjugate self-dual, cuspidal) automorphic representation of GL n (A E ), l is a prime, and ι : Q l → C is an isomorphism, then there exists an associated continuous representation r ι (π) : G E → GL n (Q l ), which satisfies the relation
for each place v ∤ l of E (see [Car12] ; in other words, the associated Weil-Deligne representation respects the local Langlands correspondence, after passage to Frobeniussemisimplification). This can be slightly extended: if instead π 1 , . . . , π k are conjugate self-dual, cuspidal, automorphic representations of GL n1 (A E ), . . . , GL n k (A E ) (therefore unitary), and π = π 1 ⊞ · · · ⊞ π k is the normalized induction, a conjugate self-dual, unitary automorphic representation of GL ni (A E ), then if π is regular algebraic then there exists a continuous semisimple representation r ι (π) : G E → GL ni (Q p ) satisfying (1.2). This follows easily from the case k = 1. We note that for π satisfying these conditions, we can define what it means for π to be ι-ordinary ([CT14, Definition 2.4]).
We will use the existence of cyclic base change. If E is a number field and π 1 , . . . , π k are unitary cuspidal representations of GL n1 (A E ), . . . , GL n k (A E ), then cyclic base change associates to the representation π = π 1 ⊞ · · · ⊞ π k of GL n (A E ) and any cyclic extension E ′ /E of number fields the base change representation π E ′ of GL n (A E ′ ) (see [AC89, Theorem 4.2, Theorem 5.1].
Throughout this paper we use overline to denote semisimple residual representations (e.g. r ι (π) : G E → GL n (F l )).
Recollections on the Jacquet-Langlands correspondence
Let K/Q p be a finite extension, and let D be a central division algebra over K of rank n ≥ 1. We recall that that Jacquet-Langlands correspondence is a bijection JL from the set of (isomorphism classes) of square-integrable irreducible admissible representations of GL d (D) to the set of square-integrable irreducible admissible representations of GL dn (K) (see [DKV84] ). It is uniquely characterized by a character identity, which is generalized below. Badulescu has defined a map |LJ GLd(D) | from the set of irreducible unitary representations of GL dn (K) to the set of irreducible unitary representations of GL d (D), together with the zero representation (see [Bad08] ). The map |LJ GL d (D) | is neither injective nor surjective in general, but it does satisfy |LJ GL d (D) |(JL(π)) = π if π is square-integrable. If π * is any irreducible unitary representation of GL dn (K), and f ∈ C ∞ c (GL d (D)), then we have the identity (cf. [HKV, Proposition A.0.1]):
is a stable transfer of f (see §3 for more recollections on this).
The reduced norm defines a homomorphism det : GL d (D) → K × . If d = 1, then we denote this as N : D × → K × . Both JL and |LJ GL d (D) | are compatible with the operation of twisting by characters of the form χ • det.
We now specialise to the case d = 2, which is the one of interest for us. Let P 0 ⊂ GL 2 (D) denote the minimal parabolic subgroup of GL 2 (D) consisting of uppertriangular matrices with entries in D, and let M 0 = D × × D × denote its diagonal Levi subgroup. Let δ P0 : P 0 → R >0 denote the character δ P0 (diag(d 1 , d 2 )) = |N (d 1 d −1 2 )| n , where | · | : K × → R >0 is normalized, as usual, so that the norm of a uniformizer equals the reciprocal cardinality of the residue field of K.
Let O D denote the ring of integers of D, and let ̟ D ∈ O D be a fixed choice of uniformizer. We set K = GL 2 (O D ), and write I ⊂ K for the subset of elements whose lower-left entry is divisible by ̟ D . Then I is an Iwahori subgroup of GL 2 (D).
The representations of GL 2 (D) that we will be concerned with are the irreducible subquotients of the normalized induction n-Ind
where χ 1 , χ 2 : K × → C × are unramified characters. The properties of these are described by the following proposition, which generalizes well-known facts in the case D = K.
Proposition 2.1.
(1) Let π be an irreducible admissible representation of GL 2 (D). Then π I = 0 if and only if π is isomorphic to a subquotient of a representation n-Ind
(2) Let χ 1 , χ 2 : K × → C × be unramified characters, and let π = n-Ind
Then π is irreducible if and only if χ 1 /χ 2 = | · | ±n . If χ 1 /χ 2 = | · | ±n , then π has two irreducible subquotients: the character χ 1 • det, and an essentially square-integrable representation.
Proof. The first part of the proposition follows from well-known results on Jacquet modules, see for example [HKV, §2.1]. The second part follows from the results of [Tad90, §2] .
We write St GL2(D) for the unique square-integrable subquotient of
and call it the Steinberg representation of GL 2 (D). If χ : K × → C × is an unramified character, then we define St GL2(D) (χ) = St GL2(D) ⊗(χ • det). The first part of the following lemma justifies our use of language.
Lemma 2.2.
(
Proof. We define subgroups
We claim that U + and U − generate SL 2 (D). Indeed, let T denote the subgroup they generate. The relation
valid for all x, y ∈ D, shows that T contains all elements of the form diag(x, x −1 ) and diag(xyx −1 y −1 , 1). The commutator subgroup of D × equals the kernel of N (see e.g. [NM43] ), so this shows that T contains all the diagonal matrices in SL 2 (D). Now consider an element g = a b c d of SL 2 (D). If d = 0, then we can write
showing that g ∈ T . If d = 0, then bc = 0, and we can write
showing that g ∈ T . This completes the proof of our claim that T = SL 2 (D).
Since U + and U − are conjugate under an element of GL 2 (O D ), it now suffices to show that U + is contained in the subgroup of GL 2 (D) generated by GL 2 (O D ) and
Then U + = ∪ n≥0 ζ −n U + (0)ζ n , so this is true.
Lemma 2.4. Let π be an irreducible admissible representation of GL 2 (D) such that π I = 0. Define a map d : π K ⊕ π K → π I by the formula d(f, g) = f + η · g. If d is not surjective, then there is an unramified character χ :
Proof. Lemma 2.3 shows that the kernel of d is contained in π SL 2 (D) , so is trivial if π is not 1-dimensional. We will show that if π is not a twist of St GL2(D) , then d is surjective. Proposition 2.1 shows we need only consider two cases. If π = χ • det, then π K = π I and d is surjective.
Indeed, the definition of induction shows that π K can be identified with the set of functions GL 2 (D) → C such that for all p ∈ P 0 ,
On the other hand, π I is 2-dimensional (for example, by comparison with the Jacquet module). Since d is injective, it is also surjective in this case. This completes the proof.
In the course of the proof of the last lemma, we showed that if χ 1 , χ 2 are unramified characters and π = n-Ind
In fact, this conclusion holds even when the induced representation is not irreducible. We conclude this section by computing the eigenvalues of some Hecke operators on the line π K .
Before giving the statement, we recall that the Hecke algebra H(GL 2 (D), K) of K-biinvariant, compactly supported functions f : GL 2 (D) → C acts on the space π K . We suppose here that convolution is defined with respect to the Haar measure which gives K measure 1.
be the characteristic functions of these double cosets, and let π = n-Ind
In particular, π is reducible if and only if π K is annihilated by T 2 1 − T 2 (q n K + 1) 2 . Proof. The computation of Hecke eigenvalues is standard, following the technique of proof of [CHT08, Lemma 3.1.1]. The final sentence follows since the eigenvalue
, and this is zero exactly when π is reducible (by Proposition 2.1).
The endoscopic classification
In this section we prove what we need concerning the endoscopic classification of automorphic representations of certain unitary groups. The results we prove here are a very special case of the general classification, which has been announced in [KMSW] . However, complete results await a sequel to that paper, so we have chosen to give an unconditional proof of what we need here based on existing references.
Let m ≥ 1 be an integer, and let E/F be a quadratic extension of fields of characteristic 0 (inside a fixed algebraic closure F /F ). We define a matrix
If M = Res E/F GL m , and c ∈ Gal(E/F ) denotes the non-trivial automorphism, then we may define an involution
We consider U * m as being endowed with its standard splitting (as described in [KMSW, §0.2.2]). We note that there is a natural identification of the scalar extension U * m,E with GL m : there is an isomorphism E ⊗ F E = E × E (where the two E-algebra structures agree in the first factor), giving rise to an identification
the projection to the first factor gives the desired isomorphism U * m,E → GL m .
3.1. Statements. Now let n ≥ 1 be an integer, let m = 2n, and suppose that E/F is a quadratic CM extension of a totally real field. Let Σ be a finite set of finite places of F , each of which splits in E; we fix for each v ∈ Σ a factorization v = v v c in E, and set Σ = { v | v ∈ Σ}. We assume that E/F is everywhere unramified.
Note that this implies that [F : Q] is even. We fix the following data:
such that for each v ∈ Σ, D v has invariant 1/n, and such that for each place w of E not lying above a place of Σ, D w is split. • An involution † of B = M 2 (D) of the second kind (i.e. satisfying the conditions (xy) † = y † x † and †| E = c).
We define U m to be the unitary group over F associated to the pair (B, †), i.e. with functor of points given on an F -algebra R by
We further assume that † is chosen so that U m satisfies the following conditions:
Such a choice exists because [F : Q] is even. We fix an inner twist ξ : U * m → U m as the composite
where the first and last isomorphisms are the canonical ones and the isomorphism GL m,F ∼ = B × F is any fixed choice arising from an isomorphism M m (F ) ∼ = B ⊗ E F of central simple F -algebras. Our choices so far determine the following data:
. Having fixed the above data we can define a notion of base change relative to the quadratic extension E/F . If σ is a unitary irreducible admissible representation of U m (A F ), and π is a unitary irreducible admissible representation of GL m (A E ), we will say that π is a base change of σ, and write BC(σ) = π, if the following conditions hold:
• For each inert place v of F at which σ v is unramified (i.e. such that σ v has a non-zero invariant vector under some hyperspecial maximal compact subgroup of U m (F v )), π v is unramified and related to σ v by standard un- Fv) . Then π v has the same infinitesimal character as
We state two theorems about the classification of automorphic representations of U m . The first concerns the existence of base change.
Theorem 3.2. Let σ be an automorphic representation of U m (A F ). Then there exists a partition m = m 1 + · · · + m k and discrete automorphic representations π 1 , . . . , π k of GL m1 (A E ), . . . , GL m k (A E ), all satisfying the following conditions:
• For each i = 1, . . . , k, π c i ∼ = π ∨ i . • Let π = π 1 ⊞ · · · ⊞ π k . Then BC(σ) = π.
The second concerns the existence of descent. Before formulating it, we observe that if F ′ /F is any Σ-split finite totally real extension, then our hypotheses are still valid over F ′ . More precisely, if E ′ = F ′ E, then E ′ /F ′ is an everywhere unramified CM quadratic extension of a totally real field, the algebras D ⊗ F F ′ and B ⊗ E E ′ satisfy the analogous hypotheses relative to F ′ , and give rise to the group U m,F ′ , which comes equipped with an inner twist ξ ′ : (U * m,F ′ ) F → (U m,F ′ ) F . Theorem 3.3. Let π 1 , π 2 be RACSDC automorphic representations of GL n (A E ) satisfying the following conditions:
(1) π = π 1 ⊞ π 2 is regular algebraic.
(2) For each inert place v of F , π v is unramified.
(3) For each place v ∈ Σ of F and for each place w|v of E, π i,w is an unramified twist of the Steinberg representation (i = 1, 2). Let F ′ /F be a Σ-split, totally real quadratic extension, let E ′ = F ′ E, and let π E ′ denote the base change of π with respect to the quadratic extension E ′ /E. Then there exists an automorphic representation σ of U m (A F ′ ) which is unramified at the inert places of E ′ /F ′ , and such that BC(σ) = π E ′ . Theorem 3.2 is [HKV, Proposition 6.5.1]. We will prove Theorem 3.3 in the next section. Before proceeding to the proof, we record an important consequence of Theorem 3.2.
Corollary 3.4. Let σ be an automorphic representation of U m (A F ), let l be a prime, and let ι : Q l → C be an isomorphism. Then there exists a continuous representation r ι (σ) : G E → GL m (Q l ) satisfying the following conditions:
(1) Let v ∤ l be an inert place of F at which σ is unramified.
Proof. This is a consequence of Theorem 3.2 and known results for GL m (A E ). Indeed, let π = π 1 ⊞ · · · ⊞ π k be the base change of σ. Then each π i is a discrete automorphic representation of GL mi (A E ) and π i |·| (m−mi)/2 is regular algebraic. By the classification of discrete automorphic representations of GL
Moreover, µ i | · | (ai+bi−1−m)/2 is regular algebraic, and so there exists a continuous, semisimple representation r ι (µ i |·| (ai+bi−1−m)/2 ) → GL ai (Q l ) satisfying local-global compatibility at each place w ∤ l of E (by e.g. [Car12] ). We can take
3.5. A comparison of trace formulae. We continue with the notation and assumptions of the previous section. We now recall some statements in the theory of the twisted trace formula, following [Lab11] .
be a function such that f ∞ is (up to scalar) a pseudocoefficient of a discrete series representation. [Lab11, Théorème 5.1] gives an identity
We explain the notation. The left-hand side T Um disc (f ) equals the trace of f in the space L 2 (U m (F )\U m (A F )); note that U m is anisotropic, so every automorphic representation is discrete.
The sum on the right-hand side is over isomorphism classes of endoscopic data E for U m (which in our case we can take to consist of a quasi-split reductive group H, an element s ∈ U m , and an L-embedding η H : L H → L U m such that η H ( H) = Cent G (s) • ). In the present case the classes of endoscopic data are in bijection with pairs of non-negative integers (p, q) where p + q = m and p ≥ q; the associated endoscopic group is H = U * p × U * q . We specify a representative E p,q = (H, s H , η H ) for each isomorphism class. We can take H = U * p × U * q . To write down the Lembedding η H , we first fix a choice of (unitary) character µ : A × E /E × → C × with the property that µ| A × F /F × is the quadratic character associated to the extension E/F . If a ∈ Z then we set µ a = 1 if a is even and µ a = µ if a is odd. We define an L-embedding η H : L H → L U m by the formulae 
We do not recall the definition of the terms in detail here, but note that L varies over Levi subgroups of M H and Π disc ( L s ) is the set of automorphic representations of the twisted group L s whose restriction to L is irreducible and discrete. Let S be a finite set of finite places of F , including all the places above which π 1 or π 2 is ramified. We consider first test functions of the form f = f S ⊗ f S,∞ ⊗ f ∞ , where f S is fixed, f ∞ is a fixed pseudocoefficient of discrete series, and f S,∞ is unramified. As H and L varies, there are only finitely many automorphic representations π L for which the trace tr R Q ( π L )( f H ) can be non-zero. By the Jacquet-Shalika theorem [JS81] , we can assume after further enlarging S that if tr R Q ( π L )( f H ) is non-zero, then we are in one of the following two cases:
• H = U * m , L = GL n × GL n , s = θ L , and the restriction of π L to L(A F ) is π 1 ⊠ π 2 or π 2 ⊠ π 1 .
• H = U * n × U * n , L = GL n × GL n , s = θ L , and the restriction of π L to L(A F ) is (π 1 ⊠ π 2 ) ⊗ µ −1 n or (π 2 ⊠ π 1 ) ⊗ µ −1 n . For such functions f combining (3.1) and (3.2) and simplifying yields an identity
)).
(3.3)
We explain the terms in (3.3). We set τ 0 = π 1 ⊠ π 2 and τ 1 = π 2 ⊠ π 1 , and Π 0 = n-Ind GLm GLn×GLn τ 0 and Π 1 = n-Ind GLm GLn×GLn τ 1 . Note that Π 0 ∼ = Π 1 . The sum on the left-hand side is over automorphic representations σ of U m (A F ) such that σ S,∞ is related to Π S,∞ 0 by unramified base change, with m(σ) denoting the automorphic multiplicity. On the right-hand side, the twisted trace is taken with respect to the Whittaker normalization of intertwining operators.
The constants n( τ i ) express the difference between Arthur's normalization of the twisted trace on Π i and the Whittaker normalization (cf. [Lab11, §3.4]; it is part of the constant a M H disc, Ls ( π L ) of (3.2)). In fact, n( τ 0 ) = n( τ 1 ) = 1. By symmetry, it is enough to show that n( τ 0 ) = 1, and we do this following the argument of [CHL11, Proposition 4.4.3]. Let Q denote the standard parabolic subgroup of GL m with Levi subgroup L = GL n × GL n , and let I θ : Π 0 → Π 0 • θ GL m denote Arthur's normalization of the intertwining operator, as described on [Lab11, p. 437]: it is given by a formula I θ = M Q|θ(Q) ρ Q (θ, 0, θ). The operator M Q|θ(Q) may be expressed, up to analytic continuation, as a product of local unnormalized intertwining operators. Following Shahidi, we can multiply by these local operators by a local factor (defined as in [Mok15, §3.3]) to obtain normalized intertwining operators. By [Mok15, Proposition 3.5.1], these are Whittaker normalized (see also [Art13, Theorem 2.5.3]; note that τ 0 is tempered, so this follows from the results of [Sha90] ). The global renormalized intertwining operator obtained by analytic continuation is I ′ θ = ǫ(0, π 1 × π ∨ 2 )L(π 1 × π ∨ 2 , 0)L(π ∨ 1 × π 2 , 1)I θ = I θ , since the Rankin-Selberg L-functions appearing here are entire (as π 1 is not isomorphic to a twist of π 2 by the norm character, as both are unitary and their sum is regular algebraic) and the functional equation of the Rankin-Selberg L-function implies that the global renormalization factor in fact equals 1. This shows that n( τ 0 ) = 1. We have obtained an identity
(3.4)
To go further we need to introduce rigidifications; more precisely, a normalization of local transfer factors (and a corresponding factorization of e.g. f U * n ×U * n as a tensor product of associated local terms f U * n ×U * n v ). Following [KMSW] , we can do this by fixing the following data:
• A non-trivial additive character ψ F : A F /F → C × . (Since U * m has its standard splitting, it follows that U * m (F v ) is equipped with a Whittaker datum for each place v of F .) We now come to the end of the proof. Indeed, let F ′ /F be a Σ-split totally real quadratic extension, let ψ F ′ = ψ • tr F ′ /F , and let (ξ ′ , z ′ ) be the extended pure inner twist U * m,F ′ → U m,F ′ arising by restriction. Then the above analysis goes through as before for the group U m,F ′ and representation π ′ , base change of π with respect to F ′ /F . If σ ′ is the irreducible admissible representation of U m (A F ′ ) defined in the same way relative to π ′ then the multiplicity of σ ′ as an automorphic representation of U m (A ′ F ) equals 1, provided that the product
Since it is the square of a sign, we're done.
Congruences between automorphic forms -unitary group case
Let n ≥ 1 be an integer, and let m = 2n. Let E/F be a CM quadratic extension of a totally real number field, and let D, Σ, B, Σ, U m etc. be as in §3.1.
The aim of this section is to prove the following theorem. We fix a prime number l, not dividing any element of Σ, and assume that the l-adic places S l of F split in E.
Theorem 4.1. Fix an isomorphism ι : Q l → C. Let σ be an automorphic representation of U m (A F ) with the following properties:
(1) r ι (σ) is not isomorphic to a twist of 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−m .
(2) There exists v 0 ∈ Σ and an isomorphism of representations of GL 2 (D v0 )
where χ v0,1 , χ v0,2 : E × v0 → C × are unramified characters such that ι −1 (χ v0,1 (̟ v0 )/χ v0,2 (̟ v0 )) ≡ q n v0 mod m Z l .
Then there exists an automorphic representation σ ′ of U m (A F ) with the following properties:
(1) r ι (σ) ∼ = r ι (σ ′ ).
(2) There is an isomorphism
The proof of Theorem 4.1 uses algebraic modular forms [Gro99] . We now define these. Let W ∞ be the irreducible algebraic representation of (Res F/Q U m ) C such that σ ∞ = W | Um(F ⊗QR) . Then W l = ι −1 W ∞ is an algebraic representation of (Res F/Q U m ) Q l , and therefore receives an action of U m (F ⊗ Q Q l ).
Let A ∞ denote the space of automorphic forms on U m (A F ), and let A l,W l denote the set of functions ϕ :
acts on A ∞ by right translation and on A l,W l by the formula (g · ϕ)(x) = g l ϕ(xg).
, Conversely, given ϕ ∈ A l,W l , we define Φ by Φ(w)(g) = g ∞ ιg −1 l ϕ(g)(w). It is easy to check that this defines an isomorphism of admissible Q l [U m (A ∞ F )]modules. They are semisimple because Hom Um(F ⊗QR) (W ∞ , A ∞ ) is semisimple (being admissible and unitary).
Let K/Q l be a finite extension of Q l inside Q l containing the image of each embedding F → Q l , and let O = O K , λ = m K , k = O/λ. Fix for each v ∈ S l a factorization v = v v c in E. Then W l can be defined over K, and we write M l ⊂ W l for a fixed choice of O-lattice, invariant under the action of the compact subgroup
It is a module under the convolution algebra H(U m (A ∞,l F ) × V l , V ). Henceforth we only consider those choices of V = V l V l with V l ⊂ V l,0 , so we do not make this requirement explicit. (1) If R is Noetherian then S(V, R) is a finite R-module.
(2) Suppose that for each g ∈ U m (A ∞ F ), the group gV g −1 ∩U m (F ) (intersection in U m (A ∞ F )) is trivial. (In this case, we say that V is sufficiently small.) Then there is a canonical isomorphism
Proof. Let g 1 , . . . , g k be a set of representatives for the finite double quotient
. Then there is an isomorphism
. If R is Noetherian then the right-hand side is a finitely generated R-module. If V is sufficiently small then the right-hand side is a free R-module and the canonical map
We define Hecke algebras using unramified Hecke operators. More precisely, let
, and let T be a finite set of places of F satisfying the following conditions:
• T contains the infinite places, S l , and Σ. (1) r m is semisimple.
(2) For each place w of E not lying above a place of T , r m | GE w is unramified.
(3) For each place v = ww c of E split in E such that v ∈ T , the characteristic polynomial det(X − r m (Frob w )) equals the image of
Proof. This follows from Corollary 3.4 and the fact that
In the statement of the next result, we observe that there is a direct sum decomposition S(V, k) = ⊕ m S(V, k) m , the index set being the set of maximal ideals of T T (V, k). We call the m-component of any f ∈ S(V, k) the image of f under the projection to the factor S(V, k) m .
Lemma 4.6. Let U der m ⊂ U m denote the derived subgroup, and let f ∈ S(V, k) ⊂ A l,M l ,k be invariant under the action of U der m (F v0 ), for some v 0 ∈ Σ. Then for any
Proof. After modifying f , we can assume that f ∈ S(V, k) m . After shrinking V , we can assume that V l acts trivially on M l ⊗ O k. Then there is an isomorphism
, equivariant for the action of the group U m (A ∞,l F ) × V l . We can therefore assume that M l = O is the trivial representation, in which case we can think of f as a locally constant function f :
, and therefore that f factors through the reduced norm (induced by a homomorphism det : U m → U * 1 of algebraic groups):
Thus there exists a character ψ :
Let v = ww c be a place of F , split in E, such that v ∈ T . Then we have
A calculation shows that, if α i w denotes the eigenvalue of T i w on f ′ , then
(this is essentially the q-binomial theorem). It follows from the Chebotarev density theorem that if χ :
then r m ∼ = χ ⊗ (1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−n ) (note that the places of E split over F have Dirichlet density 1). This completes the proof.
If v ∈ Σ, then we have fixed an isomorphism 
by the formula (f, g) → f + η v0 · g (action of η v0 defined via the inclusion S(V, O) ⊂ A l,M l ,O , cf. Lemma 2.4. Then:
(1) d is a homomorphism of T T (V, O)-modules.
(2) Suppose that V is sufficiently small, and that m ⊂ T T (V, O) is a maximal ideal such that r m is not isomorphic to a twist of 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−m . Then the induced homomorphism
is injective and has saturated image (i.e. its cokernel is torsion-free).
(3) Suppose that V is sufficiently small, and that m ⊂ T T (V, O) is a maximal ideal such that r m is not isomorphic to a twist of 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−m .
Suppose there exists f ∈ S(V, k) m − {0} be such that
Proof. The first point is immediate. For the second it is enough (using Lemma 4.3) to show that the map
given by the same formula d m,k (f, g) = f + η v0 · g is injective. By Lemma 2.3, the kernel of d m,k is contained in the subspace of A l,M l ,k where U der m (F v0 ) acts trivially. By Lemma 4.6 and our hypothesis on m, the intersection of this subspace with S(V, k) m is zero, and d m,k is indeed injective.
We now prove the third point. It is enough to show that d m,k is not an isomor- 
We can consider the map
Its adjoint, computed with respect to the pairings ·, · V,m,k and ·, · V ′ ,m,k , is a map 
It follows that the determinant of d ∨ m ∨ ,k • d m,k as a k-linear endomorphism of S(V, k) 2 m equals the determinant of (q n v0 + 1) 2 − (T 1 v0 ) 2 (T 2 v0 ) −1 as a k-linear endomorphism of S(V, k) m . This completes the proof.
We can now give the proof of Theorem 4.1. Let σ be an automorphic representa-
be an open compact subgroup satisfying the following conditions: is not an isomorphism. Indeed, the eigenvalue of (T 1 v0 ) 2 − T 2 v0 (q n v0 + 1) 2 on σ v0 is, by hypothesis, an element of m Z l , yet this eigenvalue is also a root of the characteristic polynomial of this Hecke operator acting on S(V, O) m , so (T 1 v0 ) 2 − T 2 v0 (q n v0 + 1) 2 must have a non-trivial kernel in S(V, k) m . The second part of the proposition shows that d m is injective with saturated image, so it follows that the induced map
F )]-module, this implies that there is an automorphic representation σ ′ of U m (A ∞ F ) with the following properties:
Lemma 2.4 implies that σ ′ v0 is a twist of St GL 2 (D v 0 ) by an unramified character. This completes the proof, except we still need to explain why BC(σ ′ ) can be chosen to be ι-ordinary if BC(σ) is. This can be achieved by enlarging the Hecke algebra T T (V, O) to include the Hecke operators U j λ,v for v ∈ S l (cf. [CT14, §2.4] or [Ger19, §2.4]); indeed, the ordinary subspace of S(V, O) can be defined as the maximal direct summand O-module where each of these operators acts invertibly. We omit the routine modifications required to the proof.
Congruences between automorphic forms -general linear group case
We can now prove the main theorem of this paper.
Theorem 5.1. Let n ≥ 1 be an integer and let E be a CM number field. Let F be the maximal totally real subfield of E, and assume that E/F is everywhere unramified. Let l be a prime, and fix an isomorphism ι : Q l → C. Let w 0 be a prime-to-l place of E which splits over F . Let π 1 , π 2 be cuspidal, conjugate self-dual automorphic representations of GL n (A E ) satisfying the following conditions:
(2) For any place w of E, if π w is ramified then w is split over F . The l-adic places of F all split in E.
(3) There are isomorphisms π i,w0 ∼ = St n (ξ i ) for some unramified characters ξ i : E × w0 → C × (i = 1, 2), and ι −1 ξ 1 (̟ w0 )/ξ 2 (̟ w0 ) ≡ q n w0 mod m Z l . (4) r ι (π) is not isomorphic to a twist of 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−2n . Let F ′ /F be any totally real, quadratic w 0 -split extension, and let E ′ = EF ′ . Suppose further that r ι (π)| G E ′ is not isomorphic to a twist of 1 ⊕ ǫ −1 ⊕ · · · ⊕ ǫ 1−2n . Then there exists a RACSDC automorphic representation Π of GL 2n (A E ′ ) and a place w ′ 0 |w 0 of E ′ satisfying the following conditions: (1) There is an isomorphism r ι (Π) ∼ = r ι (π)| G E ′ .
(2) There is an isomorphism Π w ′ 0 ∼ = St 2n (ξ ′ ), where ξ ′ : E × w ′ 0 → C × is an unramified character.
(3) For each archimedean place v ′ of E lying above a place v of E, Π v ′ and π v have the same infinitesimal character. If π is ι-ordinary, then Π is ι-ordinary. (4) For any place w of E ′ , if Π w is ramified then w is split over F ′ .
Proof. Let v 0 denote the place of F lying below w 0 and let Σ = {v 0 }. Let m = 2n and choose a unitary group U m as in §3.1. Theorem 3.3 implies the existence of an automorphic representation σ of U m (A F ′ ) such that for each inert place v of F ′ , σ v is unramified, and BC(σ) = π E ′ . This automorphic representation satisfies the hypotheses of Theorem 4.1, with Σ ′ equal to the set of places of F ′ lying above Σ. Using this theorem we can find an automorphic representation σ ′ of U m (A F ′ ) with the following properties:
→ C × is an unramified character and w ′ 0 is the unique place of E ′ lying above both v ′ 0 and w 0 . • σ ∞ ∼ = σ ′ ∞ . BC(σ ′ ) is ι-ordinary if BC(σ) is. • For each place finite place v of F ′ which is inert in E ′ , σ ′ v is unramified. Theorem 3.2 implies the existence of a regular algebraic automorphic representation Π of GL m (A E ′ ) such that BC(σ ′ ) = Π. To complete the proof, it remains only to justify why Π w ′ 0 is an unramified twist of the Steinberg representation (then Π is necessarily cuspidal, and satisfies all of the other requirements). We have
• ι w ′ 0 , an unramified twist of the Steinberg representation of GL 2 (D w ′ 0 ). It follows that the trace of an Euler-Poincaré function in Π w ′ 0 is non-zero (see [Kot88, §2] ). Since Π w ′ 0 is unitary this implies that Π w ′ 0 is either the Steinberg representation or the trivial representation (by the results of [Cas81] ). If Π w ′ 0 is the trivial representation then the classification of the discrete spectrum of GL m (A E ′ ) ( [MgW89] ) implies that Π is itself 1-dimensional, contradicting our assumption on r ι (Π). This completes the proof.
